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High-energy effective theory for matter on close Randall Sundrum branes
Claudia de Rham∗ and Samuel Webster†
Department of Applied Mathematics and Theoretical Physics
University of Cambridge
Wilberforce Road, Cambridge CB3 0WA, England
Extending the analysis of [1], we obtain a formal expression for the coupling between brane matter
and the radion in a Randall-Sundrum braneworld. This effective theory is correct to all orders in
derivatives of the radion in the limit of small brane separation, and, in particular, contains no
higher than second derivatives. In the case of cosmological symmetry the theory can be obtained
in closed form and reproduces the five-dimensional behaviour. Perturbations in the tensor and
scalar sectors are then studied. When the branes are moving, the effective Newtonian constant on
the brane is shown to depend both on the distance between the branes and on their velocity. In
the small distance limit, we compute the exact dependence between the four-dimensional and the
five-dimensional Newtonian constants.
I. INTRODUCTION
Advances in string/M-theory have recently motivated
the study of new cosmological scenarios for which our
Universe would be embedded in compactified extra di-
mensions where one extra dimension could be very large
relative to the Planck scale. Although the notion of ex-
tra dimensions is not new [2, 3, 4], braneworld scenarios
offer a new approach for realistic cosmological models.
In some of these models, spacetime is effectively five-
dimensional and gauge and matter fields are confined to
three-branes while gravity and bulk fields propagate in
the whole spacetime [5, 6, 7, 8]. Playing the role of a
toy model, the Randall Sundrum (RS) scenario is of spe-
cial interest [9]. In the RS model, the extra dimension
is compactified on an S1/Z2 orbifold, with two three-
branes (or boundary branes) at the fixed points of the
Z2 symmetry. In the model no bulk fields are present
and only gravity propagates in the bulk which is filled
with a negative cosmological constant. In the low-energy
limit, an effective four-dimensional theory can be derived
on the branes [10, 11, 12, 13]. However, beyond this limit,
braneworlds models differ remarkably from standard
four-dimensional models and have some distinguishing
elements which could either generate cosmological sig-
natures or provide alternative scenarios to standard cos-
mology. This has been pointed out in many publications
[14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]
and in particular in [1] where the characteristic fea-
tures of the model are pointed out in the limit that two
such three-branes are close to each other. In particu-
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lar the effective four-dimensional theory was derived in
the limit when the distance between the branes is much
smaller than the length scale characteristic for the five-
dimensional Anti-de Sitter (AdS) bulk. The effective
four-dimensional Einstein equations are affected by the
braneworld nature of the model and new terms in the
Einstein equations contain arbitrary powers of the first
derivative of the brane distance. In [1] the main results
have been obtained for the simple case where no matter
is present on the branes.
The main purpose of this work is to extend this anal-
ysis and to derive an effective theory in the presence of
matter on the branes. At high energy, matter couples to
gravity in a different way to what is usually expected in a
standard four-dimensional scenario. In particular gravity
couples quadratically to the stress-energy tensor of mat-
ter fields on the brane as well as to the electric part of the
five-dimensional Weyl tensor, which encodes information
about the bulk geometry [29, 30, 31, 32]. Consequently
we expect the covariant theory in presence of matter to be
genuinely different than normal four-dimensional gravity
and to bring some interesting insights on the way mat-
ter might have coupled to gravity at the beginning of a
hypothetical braneworld Universe.
Our analysis relies strongly on the assumption that the
brane separation is small, so that the results would only
be valid just after or just before a collision. However, it
is precisely this regime that is of great importance if one
is to interpret the Big Bang as a brane collision [33, 34,
35, 36, 37] or as a collision of bubbles [38]. In particular,
we may point out [39] where it is shown that bubbles
collision could lead to a Big Crunch. The authors show
that, close to the collision, the bubbles could be treated
as branes. Their collision would lead to a situation where
the branes are sticking together, creating a spatially-flat
expanding Universe, where inflation could take place. In
2that model, the collision will be well defined and not lead
to any five-dimensional singularities.
In order to study the presence of matter on the branes
in a model analogue to RS, we first derive, from the five-
dimensional theory, the exact Friedmann equations on
the branes for the background. This is done in section II,
in the limit where the branes are close together, i.e. either
just before or just after a brane collision. We then give in
section III an overview of the effective four-dimensional
theory in the limit of small brane separation as presented
in [1] and show how the theory can be formally extended
in order to accommodate the presence of matter on the
boundary branes. We then check that this theory gives
a result that agrees perfectly with the five-dimensional
solution for the background. Having checked the consis-
tency of this effective theory for the background, we use
it in order to study the effect of matter perturbations
about an empty background (i.e. a ‘stiff source’ approx-
imation) in section V. For this we consider the branes
to be empty for the background and introduce matter
on the positive-tension brane only at the perturbed level.
We then study with more detail the propagation of tensor
and scalar perturbations. Although the five-dimensional
nature of the theory does not affect the way tensor and
scalar perturbations propagate in a given background,
the coupling to matter is indeed affected. In particu-
lar, we show that the effective four-dimensional Newto-
nian constant depends both on the distance between the
branes and their rate of separation. We then extend the
analysis in order to have a better insight of what might
happen when the small brane separation condition is re-
laxed. The implications of our results are discussed in
section VI. Finally, in appendix B, we present the tech-
nical details for the study of scalar perturbations within
this close-brane effective theory.
II. FIVE-DIMENSIONAL BACKGROUND
BEHAVIOUR
We consider a Randall-Sundrum two brane model al-
lowing the presence of general stress-energies on each
brane. Specifically, we assume an action of the form
S =
∫
d5x
√−g
(
1
2κ2
R− Λ
)
(1)
+
∑
i=±
∫
Mi
d4x
√
−gi (−λi + Li) ,
where the two four-dimensional integrals run over the
positive- and negative-tension branes M± respectively
and g±µν are the induced metrics. We assume a Z2 sym-
metry across the branes.
The five-dimensional bulk is filled with a negative cos-
mological constant Λ = −6/κ2L2, where L is the associ-
ated AdS radius and κ2 the five-dimensional Newtonian
constant. The tensions λ± are, without loss of generality,
assumed to take their standard fine-tuned values
λ± = ± 6
κ2L
, (2)
with any deviations from these absorbed into the matter
Lagrangians L±. The resulting four-dimensional stress-
energy tensors on the brane can be written as
T±µν = ∓
6
κ2L
g±µν + τ
(±)
µν .
In this paper we use the index conventions that Greek
indices run from 0 to 3 and Latin from 1 to 3, referring
to the Friedmann-Robertson-Walker (FRW) coordinate
systems defined below in (4).
The point of this section is to extract as much infor-
mation as possible about the dynamics of the system in
the case of cosmological symmetry in order to obtain a
result against which the effective theory can be checked.
Therefore, we both assume the bulk and the brane stress-
energies τ±µν to have the required symmetries. General-
ising the analysis of [1], we work again in the stationary
Birkhoff frame:
ds2 = dY 2 − n2(Y )dT 2 + a2(Y )dx2
with a2(Y ) = e−2Y/L +
C
4
e2Y/L (3)
n2(Y ) = L2a′(Y )2 = a2 − C
a2
,
with flat spatial geometry for simplicity. The trajectories
of the branes are Y = Y±(T ) giving the induced line
elements
ds2± = −(n2± − Y˙ 2±)dT 2 + a2±dx2
≡ −dt2± + a2±(t±)dx2, (4)
where a±(T ) = a (Y = Y±(T )) and similarly for n±(T ).
The velocities of the branes are completely prescribed by
the Israe¨l junction conditions [40]:
dY±
dT
2
= n2±
(
1− n
2
±
a2±
F± (ρ±)
)
(5)
F± (ρ±) =
(
1± κ
2L
6
ρ±
)−2
, (6)
where ρ± are the brane energy densities −τ (±)00 . The
Hubble parameter on each brane then follows as
H2± =
1
L2
(
1
F± (ρ±)
− n
2
±
a2±
)
(7)
=
C
L2a4±
± κ
2
3L
ρ± +
κ4
36
ρ2±. (8)
As in [1] we now consider the limit of small brane separa-
tion by replacing n± and a± with their values n0 and a0
at the collision (equivalent to taking the leading order in
d/L where d is related to the radion, as defined below).
3To this level of approximation the brane position are
then given by
Y±(T ) ∼ Y0 ∓ v± (T − T0) (9)
v± = n0
√
1− n
2
0
a20
F± (ρ±(T = T0)), (10)
where here and subsequently we take ∼ to denote the
leading order in d/L, and we have chosen to consider
the motion of the branes immediately after a collision
at T = T0 and Y = Y0 when the branes are moving
apart. Note firstly that the branes will in general be
moving with different velocities. Secondly, the limit of
large energy density ρ± → ∞ corresponds to v± → n0,
i.e. the limit of null brane velocity.
The transformation
T − T0 = t
n0
coshα(y)
Y − Y0 = t sinhα(y) (11)
α(y) = (y − 1) tanh−1
(
v+
n0
)
+ y tanh−1
(
v−
n0
)
,
brings the brane loci (9) to the fixed positions y = 0, 1,
with line element
ds2 ∼ d(t)2dy2 − dt2 + a(y, t)2dx2 (12)
d(t) = t
(
tanh−1
(
v+
n0
)
+ tanh−1
(
v−
n0
))
.
Note as a consistency check that the global coordinate
t coincides for y = 0, 1 with the proper times t± on the
two branes (in the small d limit) as defined in (4), e.g.
dt
dT
∣∣∣∣
y=0
=
√
n20 − v2+ ∼
dt+
dT
.
A generalisation of this metric to
ds2 = A(x, y)2dy2 + qµν(x, y)dx
µdxν , (13)
for branes fixed at y = 0, 1 is the starting point for
the derivation of the effective theory in the next section.
There, the proper distance between the two branes is
measured along a trajectory of constant xµ, i.e. it is
taken to be
d(x) =
∫ 1
0
dy A(x, y)2. (14)
In particular, if we choose a specific gauge for which
A(x, y) is independent of y, the metric (13) is simply
ds2 = d(x)2dy2 + qµν(x, y)dx
µdxν . (15)
As discussed in [1], it is unclear whether such a gauge may
be fixed in general, but it can be shown that the resulting
effective theory is not sensitive to the y dependence of A.
Y
T
FIG. 1: Comparing coordinate systems: In the near-brane
limit, the two branes move along the lines Y = Y±(T ) (thick
lines). Lines of constant y (straight) and t (curved) are shown;
d(t) is the proper distance along a line of constant t between
the two branes. Note that, if v+ 6= v−, the values of T at
either end of this line will be different. The coordinate system
(y, t) is only defined inside the lines Y −Y0 = ±n0(T −T0) as
shown
From (7) and (10) it can then be shown that the Hub-
ble parameter at the time of collision is related to the
rate of expansion of the fifth dimension with respect to
proper time t by
H+(0) =
1
L
tanh
d˙(0)
2
(16)
+
κ2
6
(
ρ+(0) coth d˙(0) + ρ−(0)cosech d˙(0)
)
.
Note that this is in general not the same as other defini-
tions of the radion, more common ones being the distance
along integral curves of the normal (lines of constant x
are not in general geodesics in this metric, see Fig. 1)
or, different again, Y−(T ) − Y+(T ). When the effective
theory is defined from a moduli space approximation, the
radion often enters via a ratio of the conformal factors
on the branes, but this is not meaningful apart from in
the small-velocity limit. It is however of note that all
these definitions are proportional in the special case of
cosmological symmetry and small brane separation.
III. CLOSE BRANES EFFECTIVE THEORY
DESCRIPTION
A. Formalism
We work in a frame where the branes are assumed to
be exactly static at y = 0, 1 with metric (15) in order to
simplify the implementation of the Israe¨l junction con-
ditions, which would otherwise be difficult. From the
Gauss equations, the Einstein tensor on a y = const hy-
4persurface is given by [29, 41]:
Gµν (y) =
3
L2
δµν +KK
µ
ν −KµαKαν (17)
−1
2
δµν
(
K2 −KβαKαβ
)− Eµν .
The unknown quantity in (17) is the electric part of the
projected Weyl tensor Eµν which is traceless, enabling us
to write the Ricci scalar purely in terms of the extrinsic
curvature:
R = − 12
L2
−K2 +KβαKαβ . (18)
The Weyl tensor Eµν can be expressed in terms of more
recognisable quantities as
Eµν = −
1
d
∂
∂y
Kµν −
1
d
DµDνd−KµαKαν +
1
L2
δµν , (19)
where Dµ is the covariant derivative with respect to
qµν(y), implying from (17) that:
Gµν =
1
d
[
DµDνd+
∂
∂y
Kµν (20)
+
2d
L2
δµν + dKK
µ
ν −
d
2
δµν
(
K2 −KβαKαβ
) ]
,
where the second line is of higher order in the small dis-
tance limit d≪ L.
In order to find the derivative of the extrinsic curvature
∂
∂yK
µ
ν on the brane, we consider the Taylor expansion:
Kµν (y = 1) =
∞∑
n=0
1
n!
∂(n)y K
µ
ν
∣∣∣
y=0
. (21)
We expand the nth derivative of the extrinsic curvature
in powers of d/L, keeping only the leading term:
∂n
∂yn
Kµν
∣∣∣∣
y=0
≡ Kµ (n)ν = Kµ (n)ν
(
1 +O
(
d
L
))
and, as shown in Appendix A, one can obtain the recur-
rence relation
Kµ (n)ν = OˆKµ (n−2)ν , (22)
where the operator Oˆ is defined by
OˆZµν = [d
,µZαν + d,νZ
αµ − d,αZµν ] d,α, (23)
giving
∞∑
n=0
1
n!
Kµ (n)ν =
∞∑
n=0
1
(2n+ 1)!
OˆnKµ (1)ν +
1
(2n)!
OˆnKµ (0)ν
=
sinh
√
Oˆ√
Oˆ
Kµ (1)ν + cosh
√
Oˆ Kµ (0)ν . (24)
We then have a formal expression for the first deriva-
tive of the extrinsic curvature in terms of the radion and
stress-energy:
∂
∂y
Kµν
∣∣∣∣
y=0
∼ −
√
Oˆ
sinh
√
Oˆ
[
cosh
√
Oˆ K
(+)µ
ν −K
(−)µ
ν
]
,(25)
where K
(±)µ
ν = K
µ
ν (y = 0, 1). It is straightforward
then to obtain the corresponding result for the negative-
tension brane:
∂
∂y
Kµν
∣∣∣∣
y=1
=
∂
∂y
Kµν
∣∣∣∣
y=0
+
∞∑
n=2
K
µ(n)
ν
(n− 1)!
∼ ∂
∂y
Kµν
∣∣∣∣
y=0
+
(
cosh
√
Oˆ − 1
) ∂
∂y
Kµν
∣∣∣∣
y=0
+sinh
√
OˆK
(+)µ
ν
∼
√
Oˆ
sinh
√
Oˆ
[
cosh
√
Oˆ K
(−)µ
ν −K
(+)µ
ν
]
.(26)
B. Einstein equations on the branes
The next step is to use the Israe¨l junction conditons
to rewrite the extrinsic curvatures of the two branes in
terms of the stress-energy tensors and the tensions:
K
(+)µ
ν = −
1
L
δµν −
κ2
2
τˆ
(+)µ
ν (27)
K
(−)µ
ν = −
1
L
δµν +
κ2
2
τˆ
(−)µ
ν (28)
τˆ
(±)µ
ν ≡ τ
(±)µ
ν −
1
3
τ
(±)
δµν . (29)
This gives us both the value of the Ricci scalar on the
branes (18)
R(±) = ∓κ
2
L
τ (±) +
κ4
4
(
τˆ (±) 2 − τˆ (±)αβ τˆ
(±) β
α
)
(30)
and, substituting (25) (or (26)) into (20), the effective
Einstein equations:
G
(±)µ
ν ∼
1
d
D(±)µD
(±)
νd±
1
Ld
|∂d| tanh |∂d|
2
δµν (31)
± 1
Ld
1
|∂d|
(
tanh
|∂d|
2
+ tan
|∂d|
2
)
∂µd ∂νd
+
κ2
2d
A(±)µν
+
[
±2κ
2
L
(
τ
(±)µ
ν −
τ (±)
6
δµν
)
+ κ4Π
(±)µ
ν
]
,
where
A(±)µν =
√
Oˆ
(
coth
√
Oˆτˆ
(±)µ
ν + cosech
√
Oˆτˆ
(∓)µ
ν
)
, (32)
5and
Π
(±)µ
ν =
1
8
τ
(±)α
β τ
(±)β
α δ
µ
ν −
1
12
τ (±)τ
(±)µ
ν −
1
72
τ (±) 2δµν .
(33)
From the tracelessness of E
(±)
µν we obtain two equivalent
equations of motion for the radion,

(±)d ∼ ∓|∂d|
L
(
3 tanh
|∂d|
2
− tan |∂d|
2
)
− κ
2
2
A(±)(34)
+
[
±κ
2d
3L
τ (±) − κ
4d
4
τˆ
(±)µ
ν τˆ
(±)ν
µ
]
.
The terms in square brackets in (31) and (34) will turn
out to be of higher order as d → 0 and so should not
strictly be included. However, for exact cosmological
symmetry, they are the only higher order terms and we
shall keep them for the time being. Later on they shall
be discarded.
The conservation of the stress-energy tensor on both
branes follows directly from the Codacci equation [29,
41]:
DµK
µ
ν −DνK = 0, (35)
which, evaluated on the branes implies
D(+)µ τ
(+)µ
ν = D
(−)
µ τ
(−)µ
ν = 0. (36)
C. Low-energy limit
As a first consistency check of this close-brane theory,
we consider its low-energy limit and compare it with the
effective four-dimensional low-energy theory [10, 11, 12,
13] for small brane separation. In that common limit,
both theories should agree.
In the low-energy limit, the magnitude of the stress-
energy tensor on the brane is small compared to the brane
tension. Any quadratic term κ4τ (±) 2 is negligible com-
pared to κ
2
L τ
(±), so that Π
(±)µ
ν may be dropped in (31)
and, from (30), the Ricci tensor on the brane is:
R(±) = ∓κ
2
L
τ (±). (37)
Furthermore in the low-energy limit, the branes are mov-
ing slowly, |∂d| ≪ 1, to linear order in |∂d|, we have:
A(±)µν = τˆ
(+)µ
ν + τˆ
(−)µ
ν . (38)
The effective Einstein equation on the brane at low en-
ergy is therefore
G
(±)µ
ν ∼
1
d
D(±)µD(±)ν d+
κ2
2d
(
τˆ
(+)µ
ν + τˆ
(−)µ
ν
)
(39)
± 1
Ld
(
∂µd ∂νd− 1
2
(∂d)2 δµν
)
,
with the equation of motion for d:

(±)d = ± 1
L
(∂d)
2
+
κ2
6
(
τ (+) + τ (−)
)
. (40)
We can therefore write (39) in the more common form:
G
(±)µ
ν ∼
κ2
2d
(
τ
(+)µ
ν + τ
(−)µ
ν
)
(41)
+
1
d
(
D(±)µD(±)ν d− (±)d
)
± 1
Ld
(
∂µd ∂νd+
1
2
(∂d)
2
δµν
)
,
which is precisely the result we get from the effective low-
energy theory in the close brane limit [10, 11, 12, 13, 20].
IV. COSMOLOGICAL SYMMETRY
In the most general case, the coupling of the radion to
matter on the branes given by (32) is intractable. How-
ever, we are concerned here with the case of cosmological
symmetry as a check on the validity of the theory. We
take (12) as our metric and notice that
Oˆ
(
A 0
0 B δij
)
= d˙2
( −A 0
0 B δij
)
. (42)
We can then obtain the coupling tensors (32) in closed
form:
A(±)00 = −d˙ cot d˙
(
2
3
ρ± + p±
)
(43)
−d˙ cosec d˙
(
2
3
ρ∓ + p∓
)
A(±)ij =
d˙
3
(
ρ± coth d˙+ ρ∓cosech d˙
)
δij . (44)
The resulting equations of motion follow from (31),(34)
and (36):
H2± ∼
1
d
[
−d˙H± ± d˙
L
tanh
d˙
2
+
κ2
6
A(±)ii
]
(45)
±2κ
2
3L
ρ± +
1
18
κ4ρ2±
H˙± + 2H
2
± ∼ ±
κ2
6L
(ρ± − 3p±)− κ
4
36
ρ± (ρ± + 3p±) (46)
d¨+ 3H+d˙ ∼ d˙
L
(
3 tanh
d˙
2
− tan d˙
2
)
(47)
+
κ2d
L
(ρ+
3
− p+
)
+
κ2
2
(
A(+)00 +A
(+)i
i
)
+
κ4d
4
(
7
9
ρ2+ + p
2
+ +
4
3
ρ+p+
)
ρ˙± = −3H± (ρ± + p±) . (48)
6Equations (48) and (46) together imply
H2± ∼
C˜
La4±
± κ
2
3L
ρ± +
κ4
36
ρ2±, (49)
where C˜ is an integration constant which, at this order,
can be identified with the bulk parameter C via (7). The
system is now manifestly finite as d → 0. Note that,
apart from the presence of quadratic terms, (46) is the
same result as that obtained from the moduli space ap-
proximation and is, in fact, exact (d decouples as a con-
sequence of the simplicity of the Weyl tensor for an AdS-
Schwarzschild bulk). However, the additional informa-
tion from (47) gives additional information not obtain-
able from a low-energy effective theory. Since H+ takes
a finite value at the collision, the coefficient of d−1 in (45)
must vanish at d = 0; this implies then that
H+(0) =
1
L
tanh
d˙(0)
2
(50)
+
κ2
6
(
ρ+(0) coth d˙(0) + ρ−(0)cosech d˙(0)
)
,
in agreement with the exact result (16).
V. EFFECTIVE THEORY FOR
PERTURBATIONS
More interesting is the study of cosmological pertur-
bations, for which a relatively straightforward solution
of the above system is also available. We shall give a
few examples here and point out some interesting fea-
tures. Throughout we work only with the positive-
tension brane, assuming the negative-tension brane to
be empty, and drop the ± signs. Also, we shall assume
for simplicity that matter on the positive-tension brane
is only introduced at the perturbed level, i.e. the back-
ground solution a(t), d(t) is that obtained from (46) and
(47) in the absence of matter. We therefore have
τµν (x, t) = 0 + δτ
µ
ν
d(x, t) = d(t) + δd(x, t)
gµν(x, t) = g¯µν + δgµν ,
where g¯µν is the usual flat FRW metric with scale factor
a(t). However, in the following we will set δd = 0, either
because we are considering tensor perturbations only or
because we choose to work in such a gauge. Hence we
shall assume that d takes its background value.
A. Tensor Perturbations
As the simplest starting point we consider perturba-
tions using the above formalism and we choose to work
in conformal time. We take the metric to be
ds2 = a(η)2
(−dη2 + (δij + hij) dxidxj) , (51)
with the usual transverse traceless conditions
hii = h
i
j,i = 0
on the perturbation, spatial indices being raised by δij .
The resulting Ricci tensor perturbation is then
δR00 = δR0i = 0,
δRij =
(H′ + 2H2)hij +Hh′ij − 12¯hij , (52)
where H = a′/a = aH , primes denote differentiation
with respect to conformal time η and ¯ = −∂2η + ∂i∂i
is the Minkowski space wave operator. We assume that
these gravity waves are sourced by tensor matter at the
perturbative level, i.e.
δτµν = δτˆ
µ
ν =
(
0 0
0 τ ij
)
, τ ii = 0.
The perturbed Klein Gordon equation for tensor matter
just reduces to δ (d) ∼ 0, so it is consistent to set the
scalar perturbation δd to zero, i.e. to study purely tensor
fluctuations. In this case, the equation of motion for the
perturbations follows from (31):
δRij ∼ 1
d
δ (DiDj d) +
d˙
Ld
tanh
d˙
2
a2hij (53)
+
κ2
2d
√
Oˆ coth
√
Oˆ δτˆij ,
where we have now dropped the sub-dominant matter
terms. It is straightforward to obtain
δ (DiDj d) = −
(
1
2
h′ij +Hhij
)
d′√
Oˆ coth
√
Oˆ δτˆij = d˙ coth d˙ τij .
Equations (45) and (46) then imply the relation for the
background Hubble parameter
H′ +H2 = 0, H2 = −d
′
d
H + a2 d˙
L
tanh
d˙
L
.
Putting this all together we obtain, to leading order in d:
⊡ˆhij ≡
[
¯− d
′
d
∂
∂η
]
hij = −κ2 d˙
d
coth d˙ δτij . (54)
The same calculation repeated subject to the low-
energy approximation, not assuming small d, is straight-
forward. Since the matter is traceless, the standard equa-
tions at low energy [10, 11, 12, 13, 20] give
Rij ≈ 1− ψ
L2ψ
(
2LD
(+)
i ∂jd− gij∂d2 + 2∂id∂jd
)
+
κ2
Lψ
τ
(+)
ij ,
where ψ = 1− exp (−2d/L). Perturbing this gives
¯hij − 2
[
H + (1− ψ)
ψ
d′
L
]
h′ij ≈ −
2κ2
Lψ
δτij , (55)
7using the equations
H′ +H2 = 0, H2 + 2(1− ψ)
Lψ
Hd′ ≈ d
′2
L2
(1− ψ)
ψ
,
for the background. The small-d limit of (55), where
ψ ∼ 2d/L, is then
¯hij − d
′
d
h′ij ∼ −
κ2
d
δτij .
The operator ⊡ˆ defined in (54) is therefore the same
as one would find in the low-energy theory. The dif-
ference lies in the source term; in the high-energy theory,
the effective four-dimensional Newton constant on the
positive-tension brane is related to the five-dimensional
one by
κ
(+) 2
4d =
d˙
d
coth d˙ κ2, (56)
whereas the low-energy result has
κ
(+) 2
4d ∼
κ2
d0
. (57)
As is the case in the low-energy effective theory, the cou-
pling to matter is different for the background as it is
for the perturbations - for the background, the coupling
can be identified from (8) or (49) as κ2/L, as opposed
to (56). When either the branes are stabilised, and d is
not treated as a dynamical variable, d ∼ d0 = const, or
the velocity is small d˙≪ 1 (which is the case in the low-
energy limit), it is easy to see that (56) and (57) agree.
However, for arbitrary brane velocities, when the radion
is not stabilised, the exact result for small d is given by
(56). As expected, the effective Newton constant picks
up a dependence on d, as it does in the low-energy the-
ory, but more unexpected, it also contains some degree
of freedom: the brane separation velocity. Whilst this is
not expected to be relevant today, since one would as-
sume the radion is stabilised in the present Universe, it
would be extremely important near the brane collision.
As discussed in section II, d˙ would be approximately con-
stant, d˙ ∼ v, leading to
κ
(+) 2
4d ∼
coth v
t
κ2, (58)
where the coefficient coth v could take any value greater
than 1 depending on the matter content of the branes.
B. Scalar Perturbations
We now consider scalar metric perturbations on the
brane sourced by a perfect fluid at the perturbative level
(again, the background geometry is taken to be empty).
We choose to work in a gauge where δd = 0, i.e. to
evaluate the perturbations on hypersurfaces of constant
d, in which the metric perturbation can be taken as
ds2 = a(η)2
(
(−1 + 2Φ)dη2 + 4E,idηdxi (59)
+ (1 + 2Ψ) δijdx
idxj
)
.
The calculations are not nearly so straightforward as for
tensors and have therefore been relegated to Appendix
B. The result is the following equation of motion for the
curvature perturbation
⊡ˆΨ ≡
[
¯− d
′
d
∂
∂η
]
Ψ = −a2κ
2
6
d˙
d
coth d˙ δρ, (60)
giving rise to the same relation between the four-
dimensional Newtonian constant and the five-
dimensional as in (56). Here again we may check
that, apart from the modification of the effective Newto-
nian constant on the brane, the perturbations propagate
in the given background exactly the same way as they
would if the theory were genuinely four-dimensional.
This is a very important result for the propagation of
scalar perturbations if they are to generate the observed
large-scale structure. The five-dimensional nature of the
theory does affect the background behaviour but on this
background the perturbations behave exactly the same
way as they would in the four-dimensional theory.
This result is of course only true in the close-brane
limit, for which the theory contains no higher than second
derivatives, only powers of first derivatives. When the
branes are no longer very close to each other, the theory
will become higher-dimensional (in particular the theory
becomes non-local in the one brane limit). The presence
of these higher-derivative corrections (not expressible as
powers of first derivatives) is expected to modify the way
perturbations propagate in a given background, mainly
because extra Cauchy data would need to be specified,
making the perturbations non adiabatic [20]. However if
we consider a scenario for which the large-scale structure
is generated just after the brane collision, the mechanism
for the production of the scalar perturbations will be very
similar to the standard four-dimensional one.
C. Relation between the four- and five-dimensional
Newtonian constant
The relation (56) between κ
(+) 2
4d and the five-
dimensional constant κ2 is formally only valid for small
distance between the branes. However if we consider the
analysis of [1], we may have some insights of what will
happen if we had not stopped the expansion to leading
order in d. Here, terms of the form d d¨ and more gener-
ally any term of the form dnd(n+1) have been considered
as negligible in comparison to d˙ and therefore only the
terms of the form d˙n have been considered in the ex-
pansion. In a more general case, when the branes are
not assumed to be very close to each other, any term
8of the form dn d(n+1) should be considered and would
affect the relation between the four-dimensional Newto-
nian constant and the five-dimensional one. For moving
branes, we therefore expect the relation between κ
(+) 2
4d
and κ2 to be:
κ
(+) 2
4d =
κ2
L
Ω
(
d
L
, d˙, d d¨, · · · , dn d(n+1)
)
. (61)
The relation is therefore a functional of d: Ω [d(t)] has an
infinite number of independent degree of freedom.
In the low-energy limit, or when the radion is sta-
bilised, d ∼ d0 = const, the exact expression of Ω is
[42]:
Ω→ Ω [d(t) = d0] = e
d0/L
2 sinhd0/L
(62)
For close branes, another limit is now known: when d≪
L,
Ω [d≪ L] = d˙
d
coth d˙. (63)
But in a general case, Ω (and therefore κ
(+) 2
4d ) is ex-
pected to be a completely dynamical degree of freedom.
For the present Universe the radion is supposed to be
stabilised, but in early-Universe cosmology, the effective
four-dimensional Newton constant could be very differ-
ent from its present value. It might therefore be inter-
esting to understand what the constraints on such time-
variation of the Newtonian constant would be and how
it would constrain the brane velocity [43, 44], or whether
such a time variation could act as a signature for the
presence of extra dimensions.
VI. CONCLUSIONS
In the first part of this work, we derived the exact be-
haviour of FRW branes in the presence of matter. The
characteristic features come from the presence of the ρ2
terms in the Friedmann equation and from the ‘dark en-
ergy’ Weyl term. In the limit of close separation we re-
lated the contribution of the Weyl term to the expansion
of the fifth dimension. We then used this result to test
the close-brane effective theory that was first derived in
[1] but now with matter introduced on the branes. For
this we have shown how matter can be included using
a formal sum of operators acting on the stress-energy
tensors for matter fields on both branes. In the gen-
eral case the action of this sum of operators on an ar-
bitrary stress-energy tensor would not be available in
closed form, although one could in principle proceed per-
turbatively. When a specific scenario is chosen, however,
one can make considerable analytical progress. Assum-
ing cosmological symmetry, the action of the operators
on the stress-energy tensor is remarkably simple and the
sum can be evaluated analytically. We then compared
the result with the exact five-dimensional result in the
limit of small brane separation. As expected both results
agree perfectly. Furthermore we have checked that, in the
low-energy limit, our close-brane effective theory agrees
perfectly with the effective four-dimensional low-energy
theory, giving another consistency check.
We then used this close-brane effective theory in or-
der to understand the way matter couples to gravity at
the perturbed level. In order to do so, we considered a
scenario in the stiff source approximation for which the
background is supposed to be unaffected by the presence
of matter and considered the production of curvature and
tensor perturbation sourced by the presence of matter
fields on the brane. Although the five-dimensional na-
ture of the theory does affect the background behaviour,
we have shown that for a given background the pertur-
bations propagate the same way as they would in a stan-
dard four-dimensional theory. This is only true in the
limit of small brane separation and is not expected to be
valid outside this regime. However, since the large-scale
structure of the Universe might have been produced in
a period for which the branes could have been close to-
gether (for instance just after a brane collision initiating
the Big Bang), this regime is of special interest. The
fact that the perturbations behave the same way, for a
given background, as they would in a four-dimensional
theory is a remarkable result for the production of the
large scale structure which could be almost unaffected
by the presence of the fifth dimension. On the other
hand, the relation between the four-dimensional Newto-
nian constant and the five-dimensional one is however
affected by the expansion of the fifth-dimension. It has
been shown in the literature [9, 42] that four-dimensional
Newtonian constant was dependant on the distance be-
tween the branes, giving a possible explanation of the
hierarchy problem. In this paper we show that the four-
dimensional Newtonian constant also has some depen-
dence on the brane velocity which we computed exactly
in the small-distance limit, which might be able to pro-
vide an observational signature for the presence of extra
dimensions. Outside the small d regime, we expect the
four-dimensional Newtonian constant to depend on the
five-dimensional one not only through the brane sepa-
ration velocity d˙ but also on higher derivatives of the
distance between the branes d(n), making the require-
ment for moduli stabilisation even more fundamental for
any realistic cosmological setup within braneworld cos-
mology.
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9APPENDIX A: LEADING ORDER DERIVATIVE
OF THE EXTRINSIC CURVATURE
In this appendix, we shall derive an expression for the
derivative of the extrinsic curvature on he branes. We
will not be able to calculate these quantities exactly, but
will be able to obtain a relatively simple expression for its
leading-order contribution. We will focus on the positive-
tension brane first, and our starting point shall be the
Taylor series
K
(−)µ
ν =
∞∑
n=0
1
n!
Kµ(n)ν , (A1)
where we are defining
Kµ (n)ν ≡
∂n
∂yn
Kµν
∣∣∣∣
y=0
.
We are interested only in the leading order contribution
to K
µ(n)
ν ,
Kµ(n)ν = Kµ(n)ν (1 +O (d/L)) ,
and the aim of this section will be to establish that
Kµ(n)ν = OˆKµ(n−2)ν , (A2)
where the operator Oˆ is defined by
OˆZµν ≡ [d,µZαν + d,νZαµ − d,αZµν ] d,α.
This implies that Kµ(n)ν is of the same order as Kµ(n−2)ν ,
and will allow us to produce a simple, albeit formal, ex-
pression for this sum, which will be the starting point
for writing down the small-d effective theory in the next
section. We will proceed by induction, and throughout
make the following assumptions about the order of terms:
• ∂µ∂νd ∼ ∂νd ∼ d0
• τ (+)µν , D
(+)
α τ
(+)µ
ν are at worst as divergent as the
geometry
• E(+)µν ∼ d−1.
The assumption on the order of magnitude of the mat-
ter terms is reasonable, since the matter introduced on
the brane is expected to scale as the scale factor for the
background and as the curvature perturbation for gen-
eral perturbations. Since the curvature perturbations is
in general expected to diverge logarithmically at the col-
lision, we can hence assume that τ
(+)µ
ν , is, at worst, loga-
rithmically divergent in d. This implies that the extrinsic
curvature on the brane is itself at worse logarithmically
divergent in d. Similarly, we know that E
(+)µ
ν ∼ d−1 for
the low-energy theory. Although we have argued that
at high energy the moduli space approximation does not
give the exact expression for the Weyl tensor, we have
seen that (at least for the background) the behaviour is
the same, differing only in corrections at higher order in
the velocity. In particular Eµν should go as d
−1 at high
energies as well (we will see later that this is indeed the
case). From (19) we have
Kµ(1)ν = −dEµν (y = 0) − Dµ∂νd|y=0
−κ
2d
L
τ
(+)µ
ν −
κ4
4
dτˆ
(+)µ
α τˆ
(−)α
ν (A3)
which, from the above assumptions, gives us
Kµ(1)ν ∼ d0. (A4)
For the second derivative of the extrinsic curvature, i.e.
for n = 2, we need expressions for the derivatives of the
Weyl tensor and the Christoffel symbols. It is straight-
forward to show that
Γα ′µν = Dµ(dK
α
ν ) +Dν(dK
α
µ )−Dα(dKµν), (A5)
and the derivative of the Weyl tensor is [1]
Eµ ′ν =d
(
2Kαν E
µ
α −
3
2
KEµν −
1
2
KαβE
β
αδ
µ
ν + C
µ
ανβK
αβ (A6)
2Kˆαµ KˆαβKˆ
α
ν −
7
6
KˆαβKˆ
αβKˆµν − 1
2
qµνKˆαβKˆ
β
ρ Kˆ
αρ
)
− 1
2d
Dα
[
d2DµKαν + d
2DνK
µ
α − 2d2DαKµν
]
,
where Kˆµν = K
µ
ν − 14Kδµν . On the brane, from the Israe¨l
matching conditions, the trace of the extrinsic curvature
is K ∼ τ , hence Kˆµν ∼ τ also. So the cubic terms in Kˆ
will be of higher order than the KE terms, as will the
CK term. The leading terms will, in fact, just be the
first three, giving
Eµν
′(0) ∼ 4d
L
Eµν (0). (A7)
On the brane,
D(+)α
(
dK
(+)µ
ν
)
= (∂αd)K
(+)µ
ν + dD
(+)
α K
(+)µ
ν
∼ (∂αd)K(+)µν , (A8)
the second term being subdominant from the assumption
that D
(+)
α K
(+)µ
ν ∝ D
(+)
α τˆ
(+)µ
ν is of higher order than d
−1.
The derivative of the Christoffel symbol will similarly be
of the same order as the extrinsic curvature on the brane:
Γα ′µν (0) ∼
(
d,µK
(+)α
ν + d,νK
(+)α
µ − d,αK(+)µν
)
. (A9)
Taking the derivative of (19) gives
Kµν
′′(y) = −dEµν ′ + 2dKµβDβ∂νd+ qµβΓα ′βν ∂αd
−d ∂y (KµαKαν ) , (A10)
10
in the bulk. Evaluated on the brane using (A7) and (A9),
the dominant term (of order d0) is the one containing the
derivative of the Christoffel symbol
Kµ(2)ν ∼ q(+)µβΓα ′βν(0)∂αd ∼ K. (A11)
Since we have shown in (A9) that Γα ′βν(0) ∼ d,βK(+)αν , on
the brane, the second derivative of the extrinsic curvature
is hence of the same order as the extrinsic curvature itself
K
µ(2)
ν ∼ Kµν .
Using (A9), we have proved the result for n = 2:
Kµ(2)ν = d,α
[
d,µK
(+)α
ν + d,νK
(+)αµ − d,αK(+)µν
]
∼ OˆK(+)µν . (A12)
The second derivative of the Christoffel symbol follows
from (A5):
Γα ′′µν (y) = Dµ (dK
α ′
ν ) +Dν
(
dKα ′µ
)−Dα (dK ′µν)
+d
(
Γα ′µρK
ρ
ν + Γ
α ′
νρK
ρ
µ − 2Γ ρ ′µνKαρ
)
(A13)
−d qαβqµσ
(
Γσ ′βρK
ρ
ν − Γ ρ ′βνKσρ
)
−d (qαβqµσ)′ (ΓσβρKρν − Γ ρβνKσρ )
where, recall, Kµν
′ = dLnKµν is a tensor, hence the use
of covariant derivatives. These D(dK ′) terms are of or-
der d0, whilst the others are all of higher order, when
evaluated on the brane. The leading term is
Γα ′′µν (0) ∼ ∂µdKα ′ν (0) + ∂νdKα ′µ (0)− ∂αdK ′µν(0)
∼ d0. (A14)
Substituting (A6) into (A10) gives a complicated second-
order differential equation for Kµν . Taking repeated y-
derivatives of this equation would be impractical, but to
start with all we want to do is to work to leading order.
We will first identify which term is dominant, before ac-
tually evaluating it. We therefore drop all indices and
numerical factors for the time being, writing q for the
metric (with indices in any position), K for Kµν and ∂
for ∂µ. For example, q
′
µν ∝ dKµν = dqµσKσν and so we
would write q′ = dqK. The equation for K ′′ can then be
written symbolically as
K ′′ = d
(
∂2 + Γ∂ + ∂Γ + Γ2
)
q′ + dK3 + dK (A15)
+dKK ′ + q ∂d (Γ′ + dΓK + d ∂K) + ∂2d q′,
and, from (A11), we already know that the dominant
term is q ∂dΓ′ ∼ K. We know that K(m)(0) and Γ(m)(0)
are all of order d0 or K(0) for m = 0, 1, 2. Recalling
that the extrinsic curvature on the brane is at worse log-
arithmically divergent in d, terms of the form dK(0) will
hence be negligible compared to terms of order d0 (and
of course compared to terms of order K(0)). Compared
to the d−1 divergence, K(0) is hence still negligible. In
what follows, terms of order d0 (such as K ′(0), Γ(0) and
Γ′′(0)) and terms of orderK(0) (such asK(0),K ′′(0) and
Γ′(0)) can hence be treated in a similar way. Since they
are all at worse going asK(0), we shall use in what follows
the notation K(m)(0) ∼ Γ(m)(0) ∼ K(0) for m = 0, 1, 2.
We shall hence take as the inductive hypothesis that this
result is true for all m ≤ n. In particular,
Γ(m)(0) ∼ K(0) ∀ 0 ≤ m ≤ n
q(m+1)(0) ∼ dK(0) ∀ 0 ≤ m ≤ n
q(0) ∼ d0.
Writing l = n− 1, we have
K(n+1) = ∂(l)y K
′′ (A16)
= ∂(l)y
[
d
(
∂2 + Γ∂ + ∂Γ + Γ2
)
q′
+ dK3 + dK + dKK ′ + ∂2d q′
+ q ∂d (Γ′ + dΓK + d ∂K)
]
.
Now, evaluating on the brane, we examine the order of
each of these terms to find which is the dominant. For
example, remembering that ∂ and ∂y commute, we have
for l ≥ 0,
∂(l)y
(
d∂2q′
)∣∣
y=0
= d∂2
(
q(n)(0)
)
∼ dK(0)
and similarly
∂(l)y
(
d
(
Γ∂ + ∂Γ + Γ2
)
q′ + dK3 + dK
)∣∣∣
y=0
∼ dK(0)
∂(l)y
(
dKK ′ + q∂d (dΓK + d∂K) + ∂2d q′
)∣∣∣
y=0
∼ dK(0).
Finally,
∂(l)y (qΓ
′∂d)
∣∣∣
y=0
= ∂d
l∑
m=0
(
m
l
)
q(l−m)(0)Γ(l+1)(0),
and the l = 0 term dominates this last sum, being of
order K(0). Hence the dominant term in the expression
for K
µ(n+1)
ν is, as in the K
µ(2)
ν case, the one with the
derivative of the Christoffel symbol, of the same order as
K(0).
We have now proved half of the inductive hypothesis,
but still need to show that Γ(n+1)(0) ∼ K(0). From (A5),
we have
Γα (n+1)µν (y) = ∂µ(dK
α(n)
ν ) + ∂ν(dK
α(n)
µ )− ∂α(dK(n)µν )
+d ∂(n)y
[
ΓK terms] (A17)
−
n−1∑
m=0
(
m
n− 1
)(
dKρ (m)ν
)
, β
∂(n−m)y
(
qαβqµρ
)
.
By the inductive hypothesis
d∂(n)y (ΓK) ∼ dK(0), ∂(n−m)y
(
qαβµρ
) ∼ dK(0) n > m
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and
∂α
(
dKµ(n)ν
)
= d,αK
µ(n)
ν +O(dK(0)).
Therefore we can now read off from (A17) the leading
order contribution to Γ(n),
Γα (n+1)µν (0) = d,µK
α (n)
ν + d,νK
α (n)
µ − d,αK(n)µν
∼ K(0), (A18)
which agrees with (A14) and proves the inductive hy-
pothesis.
We are now finally in a position to calculate Kµ(n)ν
for general n. We know that the leading contribution
obtained from repeatedly differentiating the right-hand
side of (A10) is
Kµ(n)ν ∼ qµβΓα (n−1)βν ∂αd
which, from (A18), immediately gives (A2) and the result
is proved.
APPENDIX B: SCALAR PERTURBATIONS IN
AN FRW BACKGROUND
In this appendix, we shall present some of the details
for the calculation of scalar perturbations of section VB,
with the metric perturbation as given in (59). We recall
that we picked the comoving gauge for which δd = 0. In
that gauge we then have:
δ |∂d| = d˙Φ
Terms that appear to be sub-dominant will only be
dropped at the end. Using (30), we get:
δR =
κ2
L
(δρ− 3δp) . (B1)
Since a′′ = 0 for the background (we assume the brane
to be empty), (B1) implies
Ψ′′ +
a′
a
(
2k2E +Φ′ + 3Ψ′
)
(B2)
+
k2
3
(2Ψ + 2E′ − Φ) = κ
2
6L
a2 (δρ− 3δp) .
We now perturb (31), writing
z = |∂d|
f(z) = z tanh(z/2)
g(z) =
1
z
(tanh(z/2) + tan(z/2))
for simplicity. The ij (with i 6= j) component of the Ein-
stein equation, to first order in the perturbations, reduces
to:
Φ−Ψ− 2E′ =
(
4
a′
a
+ 2
d′
d
)
E, (B3)
and the 0i-component to:
Ψ′ = −
(
a′
a
+
d′
2d
)
Φ. (B4)
So far these equations are equivalent to those one would
have obtained in the low-energy limit. The difference
comes from the 00-component of the perturbed Einstein
equations:
d′
d
Φ′ +
a2
Ld
(
2f − d˙f ′ + d˙3g′
)
Φ− 2k2Ψ− 6HΨ′
−4k2HE = −κ
2
6
a
d′
d
cot d˙ (2δρ+ 3δp) (B5)
and from the equation of motion for d:
Φ′ +
(
8
d′a′2
L
f +
a
L
(
g′d˙2 − 4f ′
))
Φ+ 3Ψ′ (B6)
+2k2E = −κ
2
6
a
(
cot d˙ (2δρ+ 3δp)− 3 coth d˙ δρ
)
.
Note that one must, at this order, treat Φ,Φ′,Ψ and Ψ′ as
four independent variables; differentiation with respect to
conformal time will miss terms arising from higher order
in d, since d and d′ are of different order. We must then
solve the five equations (B2-B6) simultaneously. Using
(B3) to eliminate Φ from (B2), we obtain
4k2
(
d′
d
−H
)
E = 6Ψ′′ + 2k2Ψ+ 6H (Φ′ + 3Ψ′) (B7)
−κ
2
L
a2 (δρ− 3δp)
We may use a combination of (B5) and (B6) to find an
expression for Φ′ in terms of Φ,Ψ, ρ and p and hence
write E in terms of Ψ,Ψ′,Ψ′′, ρ and p. This can then
be used in (B5) to obtain a complicated expression for
Ψ in terms of Ψ′,Ψ′′,δρ and δp. We then only keep the
leading order in d for each coefficient, resulting in the
much simplified equation
Ψ′′ +
d′
d
Ψ′ + k2Ψ =
κ2
6
a2
d˙
d
coth d˙ δρ. (B8)
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